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TWO-TERM TRACE ESTIMATES FOR RELATIVISTIC STABLE
PROCESSES
RODRIGO BAN˜UELOS, JEBESSA MIJENA, AND ERKAN NANE
Abstract. We prove trace estimates for the relativistic α-stable process extending
the result of Ban˜uelos and Kulczycki (2008) in the stable case.
1. Introduction and statement of main results
For m > 0, an Rd-valued process with independent, stationary increments having
the following characteristic function
Eeiξ·X
α,m
t = e−t{(m
2/α+|ξ|2)α/2−m}, ξ ∈ Rd,
is called relativistic α-stable process with mass m. We assume that sample paths of
Xα,mt are right continuous and have left-hand limits a.s. If we put m = 0 we obtain
the symmetric rotation invariant α−stable process with the characteristic function
e−t|ξ|
α
, ξ ∈ Rd. We refer to this process as isotropic α−stable Le´vy process. For the
rest of the paper we keep α,m and d ≥ 2 fixed and drop α,m in the notation, when
it does not lead to confusion. Hence from now on the relativistic α-stable process is
denoted by Xt and its counterpart isotropic α− stable Le´vy process by X˜t . We keep
this notational convention consistently throughout the paper, e.g., if pt(x− y) is the
transition density of Xt, then p˜t(x− y) is the transition density of X˜t.
In Ryznar [13] Green function estimates of the Scho¨dinger operator with the free
Hamiltonian of the form
(−∆+m2/α)α/2 −m,
were investigated, where m > 0 and ∆ is the Laplace operator acting on L2(Rd).
Using the estimates in Lemma 2.6 below and proof in Ban˜uelos and Kulczycki (2008)
we provide an extension of the asymptotics in [3] to the relativistic α stable processes
for any 0 < α < 2.
Brownian motion has characteristic function
E
0eiξ·Bt = e−t|ξ|
2
, ξ ∈ Rd.
Let β = α/2. Ryznar showed that Xt can be represented as a time-changed Brownian
motion. Let Tβ(t), t > 0, denote the strictly β-stable subordinator with the following
Laplace transform
(1.1) E0e−λTβ(t) = e−tλ
β
, λ > 0.
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Let θβ(t, u), u > 0, denote the density function of Tβ(t). Then the process BTβ(t) is
the standard symmetric α-stable process.
Ryznar [13, Lemma 1] showed that we can obtain Xt = BTβ(t,m), where a subor-
dinator Tβ(t,m) is a positive infinitely divisible process with stationary increments
with probability density function
θβ(t, u,m) = e
−m1/βu+mtθβ(t, u), u > 0.
Transition density of Tβ(t,m) is given by θβ(t, u − v,m). Hence the transition
density of Xt is p(t, x, y) = p(t, x− y) given by
(1.2) p(t, x) = emt
∫ ∞
0
1
(4piu)d/2
e
−|x|2
4u e−m
1/βuθβ(t, u)du.
Then
p(t, x, x) = p(t, 0) = emt
∫ ∞
0
1
(4piu)d/2
e−m
1/βuθβ(t, u)du.
The function p(t, x) is a radially symmetric decreasing and that
(1.3) p(t, x) ≤ p(t, 0) ≤ emt
∫ ∞
0
1
(4piu)d/2
θβ(t, u)du = e
mtt−d/α
ωdΓ(d/α)
(2pi)dα
,
where ωd =
2pid/2
Γ(d/2)
is the surface area of the unit sphere in Rd. For an open set D in
R
d we define the first exit time from D by τD = inf{t ≥ 0 : Xt /∈ D}.
We set
(1.4) rD(t, x, y) = E
x[p(t− τD, XτD , y); τD < t],
and
(1.5) pD(t, x, y) = p(t, x, y)− rD(t, x, y),
for any x, y ∈ Rd, t > 0. For a nonnegative Borel function f and t > 0, let
PDt f(x) = E
x[f(Xt) : t < τD] =
∫
D
pD(t, x, y)f(y)dy,
be the semigroup of the killed process acting on L2(D), see, Ryznar [13, Theorem 1].
Let D be a bounded domain (or of finite volume). Then the operator PDt maps
L2(D) into L∞(D) for every t > 0. This follows from (1.3), (1.4), and the gen-
eral theory of heat semigroups as described in [10]. It follows that there exists an
orthonormal basis of eigenfunctions {ϕn : n = 1, 2, 3, · · · } for L2(D) and corre-
sponding eigenvalues {λn : n = 1, 2, 3, · · · } of the generator of the semigroup PDt
satisfying
λ1 < λ2 ≤ λ3 ≤ · · · ,
with λn →∞ as n→∞. By definition, the pair {ϕn, λn} satisfies
PDt ϕn(x) = e
−λntϕn(x), x ∈ D, t > 0.
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Under such assumptions we have
(1.6) pD(t, x, y) =
∞∑
n=1
e−λntϕn(x)ϕn(y).
In this paper we are interested in the behavior of the trace of this semigroup
(1.7) ZD(t) =
∫
D
pD(t, x, x)dx.
Because of (1.6) we can write (1.7) as
(1.8) ZD(t) =
∞∑
n=1
e−λnt
∫
D
ϕ2n(x)dx =
∞∑
n=1
e−λnt.
We denote d-dimensional volume of D by |D|.
Our first result is the Weyl’s asymtotic for the eigenvalues of the relativistic Lapla-
cian
Proposition 1.1.
(1.9) lim
t→0
td/αe−mtZD(t) = C1|D|,
where C1 =
ωdΓ(d/α)
(2pi)dα
.
Let N(λ) be the number of eigenvalues {λj} which do not exceed λ. It follows from
(1.9) and the classical Tauberian theorem (see for example [11], p.445 Theorem 2)
where L(t) = C1|D|em/t is our slowly varying function at infinity that
(1.10) lim
λ→∞
λ−d/αe−m/λN(λ) =
C1|D|
Γ(1 + d/α)
.
This is the analogue for relativistic stable process of the celebrated Weyl’s asymp-
totic formula for the eigenvalues of the Laplacian.
Remark 1.2. The first author presented (1.10) at a conference in Vienna at the
Scrho¨dingier Institute in 2009 (see [1]) and at the 34th conference in stochastic pro-
cesses and their applications in Osaka in 2010 (see [2]). Thus this result has been
known to the authors, and perhaps to others, for number of years.
Our goal in this paper is to obtain the second term in the asymptotics of ZD(t)
under some additional assumptions on the smoothness of D. Our result is inspired
by result for trace estimates for stable processes by Ban˜uelos and Kulczycki [3].
To state our main result we need the following property of the domain D.
Definition 1.3. The boundary, ∂D, of an open set D in Rd is said to be R−smooth
if for each point x0 ∈ ∂D there are two open balls B1 and B2 with radii R such that
B1 ⊂ D,B2 ⊂ Rd\(D ∪ ∂D) and ∂B1 ∩ ∂B2 = x0.
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Theorem 1.4. Let D ⊂ Rd, d ≥ 2, be an open bounded set with R−smooth boundary.
Let |D| denote the volume (d−dimensional Lebesgue measure) of D and |∂D| denote
its surface area ((d − 1)−dimensional Lebesgue measure) of its boundary. Suppose
α ∈ (0, 2). Then
(1.11)
∣∣∣∣ZD(t)− C1(t)e
mt|D|
td/α
+ C2(t)|∂D|
∣∣∣∣ ≤ C3e
2mt|D|t2/α
R2td/α
, t > 0,
where
C1(t) =
1
(4pi)d/2
∫ ∞
0
z−d/2e−(mt)
1/βzθβ(1, z)dz → C1 = ωdΓ(d/α)
(2pi)dα
, as t→ 0,
C2(t) =
∫ ∞
0
rH(t, (x1, 0, · · · , 0), (x1, 0, · · ·, 0))dx1 ≤ C4e
2mtt1/α
td/α
, t > 0
C4 =
∫ ∞
0
r˜H(1, (x1, 0, · · · , 0), (x1, 0, · · ·, 0))dx1,
C3 = C3(d, α), H = {(x1, · · ·, xd) ∈ Rd : x1 > 0} and rH is given by (1.4).
Remark 1.5. When m = 0, 0 < α ≤ 2, C2(t) = C4t1/α/td/α. Then the result in
Theorem 1.4 becomes for bounded domains with R−smooth boundary
(1.12)
∣∣∣∣ZD(t)− C1|D|td/α +
C4|∂D|t1/α
td/α
∣∣∣∣ ≤ C7|D|t
2/α
R2td/α
,
where C1, C4 are as in Theorem 1.4. This was established by Ban˜uelos and Kulczycki
[3] recently.
The asymptotic for the trace of the heat kernel when α = 2 (the case of the
Laplacian with Dirichlet boundary condition in a domain of Rd), have been extensively
studied by many authors. For Brownian motion Van den Berg [5], proved that under
the R− smoothness condition
(1.13)
∣∣∣∣ZD(t)− (4pit)−d/2
(
|D| −
√
pit
2
|∂D|
)∣∣∣∣ ≤ Cd|D|t
1−d/2
R2
, t > 0.
For domains with C1 boundaries the result
(1.14) ZD(t) = (4pit)
−d/2
(
|D| −
√
pit
2
|∂D|+ o(t1/2)
)
, as t→ 0,
was proved by Brossard and Carmona [8], for Brownian motion.
4
2. Preliminaries
Let the ball in Rd with center at x and radius r, {y : |y − x| < r}, be denoted
by B(x, r). We will use δD(x) to denote the Euclidean distance between x and the
boundary, ∂D, of D. That is, δD(x) = dist(x, ∂D). Define
ψ(θ) =
∫ ∞
0
e−vvp−1/2(θ + v/2)p−1/2dv, θ ≥ 0,
where p = (d + α)/2. We put R(α, d) = A(−α, d)/ψ(0), where A(v, d) = (Γ((d −
v)/2))/(pid/22v|Γ(v/2)|). Let ν(x), ν˜(x) be the densities of the Le´vy measures of the
relativistic α−stable process and the standard α−stable process, respectively. These
densities are given by
(2.1) ν(x) =
R(α, d)
|x|d+α e
−m1/α|x|ψ(m1/α|x|),
and
(2.2) v˜(x) =
A(−α, d)
|x|d+α .
We need the following estimate of the transition probabilities of the process Xt
which is given in ([14], Lemma 2.2): For any x, y ∈ Rd and t > 0 there exist constants
c1 > 0 and c2 > 0,
(2.3) p(t, x, y) ≤ c1emtmin
{
t
|x− y|d+αe
−c2|x−y|, t−d/α
}
.
We will also use the fact([7], Lemma 6) that if D ⊂ Rd is an open bounded set
satisfying a uniform outer cone condition, then P x(X(τD) ∈ ∂D) = 0 for all x ∈ D.
For the open bounded set D we will denoted by GD(x, y) the Green function for the
set D equal to,
GD(x, y) =
∫ ∞
0
pD(t, x, y)dt, x, y ∈ Rd.
For any such D the expectation of the exit time of the processes Xt from D is given
by the integral of the Green function over the domain. That is:
Ex(τD) =
∫
D
GD(x, y)dy.
Lemma 2.1. Let D ⊂ Rd be an open set. For any x, y ∈ D we have
rD(t, x, y) ≤ c1emt
(
t
δd+αD (x)
e−c2δD(x) ∧ t−d/α
)
.
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Proof. Using (1.4) and (2.3) we have
rD(t, x, y) = E
y(p(t− τD, X(τD), x); τD < t)
≤ c1emtEy
(
t
|x−X(τD)|d+α e
−c2|x−X(τD)| ∧ t−d/α
)
≤ c1emt
(
t
δd+αD (x)
e−c2δD(x) ∧ t−d/α
)
.

We need the following result for the proof of Proposition 1.1.
Lemma 2.2.
(2.4) lim
t→0
p(t, 0)e−mttd/α = C1,
where
C1 = (4pi)
d/2
∫ ∞
0
u−d/2θβ(1, u)du =
ωdΓ(d/α)
(2pi)dα
.
Proof. By (1.2) we have
p(t, x, x) = p(t, 0) = emt
∫ ∞
0
1
(4piu)d/2
e−m
1/βuθβ(t, u)du.
Now using the scaling of stable subordinator θβ(t, u) = t
−1/βθβ(1, ut
−1/β) and a
change of variables we get
p(t, 0) =
emt
(4pi)d/2td/α
∫ ∞
0
z−d/2e−m
1/β t1/βzθβ(1, z)dz =
C1(t)e
mt
td/α
,
then by dominated convergence theorem we obtain
lim
t→0
p(t, 0)e−mttd/α =
1
(4pi)d/2
∫ ∞
0
z−d/2θβ(1, z)dz,
and this last integral is equal to the density of α-stable process at time 1 and x = 0
which was calculated in [3] to be
ωdΓ(d/α)
(2pi)dα
.

We next give the proof of Proposition 1.1.
Proof of Proposition 1.1. By (1.4) we see that
(2.5)
pD(t, x, x)
C1emtt−d/α
=
p(t, 0)
C1emtt−d/α
− rD(t, x, x)
C1emtt−d/α
.
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Since the first term tend to 1 as t→ 0 by (2.4), in order to prove (1.9), we show that
(2.6)
td/α
C1emt
∫
D
rD(t, x, x)dx→ 0, as t→ 0.
For q ≥ 0, we define Dq = {x ∈ D : δD(x) ≥ q}. Then for 0 < t < 1, consider
the subdomain Dt1/2α = {x ∈ D : δD(x) ≥ t1/2α} and its complement DCt1/2α = {x ∈
D : δD(x) < t
1/2α}. Recalling that |D| < ∞, by Lebesgue dominated convergence
theorem we get |DC
t1/2α
| → 0, as t → 0. Since pD(t, x, x) ≤ p(t, x, x), by (1.3) we see
that
rD(t, x, x)
C1emtt−d/α
≤ 1,
for all x ∈ D. It follows that
(2.7)
td/α
C1emt
∫
DC
t1/2α
rD(t, x, x)dx→ 0, as t→ 0.
On the other hand, by Lemma 2.2 in [14] we obtain
rD(t, x, x)
C1emtt−d/α
=
E
x[p(t− τD, XτD , x); t ≥ τD]
C1emtt−d/α
≤ cEy min
{
t1+d/α
|x−X(τD)|d+α e
−c2|x−X(τD)|, 1
}
≤ cmin
{
t1+d/α
δD(x)d+α
e−c2δD(x), 1
}
.(2.8)
For x ∈ Dt1/2α and 0 < t < 1, the right hand side of (2.8) is bounded above by
ctd/2α+1/2 and hence
(2.9)
td/α
C1emt
∫
D
1/2α
t
rD(t, x, x)dx ≤ ctd/2α+1/2|D|,
and this last quantity goes to 0 as t→ 0. 
For an open set D ⊂ Rd and x ∈ Rd, the distribution P x(τD <∞, X(τD) ∈ ·) will
be called the relativistic α−harmonic measure for D. The following Ikeda-Watanabe
formula recovers the relativistic α−harmonic measure for the set D from the Green
function.
Proposition 2.3 ([14]). Assume that D is an open, nonempty, bounded subset of Rd,
and A is a Borel set such that dist(D,A) > 0. Then
(2.10) P x(X(τD) ∈ A, τD <∞) =
∫
D
GD(x, y)
∫
A
v(y − z)dzdy, x ∈ D.
Here we need the following generalization already stated and used in [3].
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Proposition 2.4. [14, Proposition 2.5] Assume that D is an open, nonempty, bounded
subset of Rd, and A is a Borel set such that A ⊂ Dc\∂D and 0 ≤ t1 < t2 <∞, x ∈ D.
Then we have
P x(X(τD) ∈ A, t1 < τD < t2) =
∫
D
∫ t2
t1
pD(s, x, y)ds
∫
A
v(y − z)dzdy.
The following propostition holds for a large class of Le´vy processes
Proposition 2.5. [3, Proposition 2.3] Let D and F be open sets in Rd such that
D ⊂ F. Then for any x, y ∈ Rd we have
pF (t, x, y)− pD(t, x, y) = Ex(τD < t,X(τD) ∈ F\D; pF (t− τD, X(τD), y)).
Lemma 2.6. [13, Lemma 5] Let D ⊂ Rd be an open set. For any x, y ∈ D and t > 0
the following estimates hold;
pD(t, x, y) ≤ emtp˜D(t, x, y)
rD(t, x, y) ≤ e2mtr˜D(t, x, y).
(2.11)
We need the following lemma given by Van den Berg in [5].
Lemma 2.7. [5, Lemma 5] Let D be an open bounded set in Rd with R-smooth
boundary ∂D and for 0 ≤ q < R denote the area of boundary of ∂Dq by |∂Dq|. Then
(2.12)
(
R− q
R
)d−1
|∂D| ≤ |∂Dq| ≤
(
R
R− q
)d−1
|∂D|, 0 ≤ q < R.
Corollary 2.8. ([3], Corollary 2.14) Let D be an open bounded set in Rd with R-
smooth boundary. For any 0 < q ≤ R we have
(i)
2−d+1|∂D| ≤ |∂Dq| ≤ 2d−1|∂D|,
(ii)
|∂D| ≤ 2
d|D|
R
,
(iii) ∣∣∣∣|∂Dq| − |∂D|
∣∣∣∣ ≤ 2
ddq|∂D|
R
≤ 2
2ddq|D|
R2
.
3. Proof of main result
Proof of Theorem 1.4. For the case t1/α > R/2 the theorem holds trivially. In-
deed, by Equation (1.3)
ZD(t) ≤
∫
D
p(t, x, x)dx ≤ c1e
mt|D|
td/α
≤ c1e
mt|D|t2/α
R2td/α
.
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By Corollary 2.8 and Lemma 2.6 we also have
C2(t)|∂D| ≤ C4e
2mt|∂D|t1/α
td/α
≤ 2
dC4e
2mt|D|t1/α
Rtd/α
≤ 2
d+1C4e
2mt|D|t2/α
R2td/α
C1(t)e
mt|D|
td/α
≤ C1e
mt|D|t2/α
R2td/α
.
Therefore for t1/α > R/2 (1.11) holds. Here and in sequel we consider the case
t1/α ≤ R/2. From (1.5) and the fact that p(t, x, x) = C1(t)emt
td/α
, we have that
ZD(t)− C1(t)e
mt|D|
td/α
=
∫
D
pD(t, x, x)dx−
∫
D
p(t, x, x)dx
= −
∫
D
rD(t, x, x)dx,(3.1)
where C1(t) is as stated in the theorem. Therefore we must estimate (3.1). We break
our domain into two pieces, DR/2 and its complement D
C
R/2. We will first consider
the contribution of DR/2.
Claim 1: For t1/α ≤ R/2 we have
(3.2)
∫
DR/2
rD(t, x, x)dx ≤ ce
2mt|D|t2/α
R2td/α
.
Proof of Claim 1: By Lemma 2.6 we have
(3.3)
∫
DR/2
rD(t, x, x)dx ≤ e2mt
∫
DR/2
r˜D(t, x, x)dx,
and by scaling of the stable density the right hand side of (3.3) equals
(3.4)
e2mt
td/α
∫
DR/2
r˜D/t1/α(1,
x
t1/α
,
x
t1/α
)dx.
For x ∈ DR/2 we have δD/t1/α(x/t1/α) ≥ R/(2t1/α) ≥ 1. By [3, Lemma 2.1], we get
r˜D/t1/α
(
1,
x
t1/α
,
x
t1/α
)
≤ c
δd+α
D/t1/α
(x/t1/α)
≤ c
δ2
D/t1/α
(x/t1/α)
≤ ct
2/α
R2
.
Using the above inequality, we get∫
DR/2
rD(t, x, x)dx ≤ e
2mt
td/α
∫
DR/2
ct2/α
R2
dx ≤ ce
2mt|D|t2/α
R2td/α
,
which proves (3.2).
Now we will introduce the following notation. Since D has R-smooth boundary,
for any point y ∈ ∂D there are two open balls B1 and B2 both of radius R such
that B1 ⊂ D,B2 ⊂ Rd\(D ∪ ∂D), ∂B1 ∩ ∂B2 = y. For any x ∈ DR/2 there exist a
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unique point x∗ ∈ ∂D such that δD(x) = |x− x∗|. Let B1 = B(z1, R), B2 = B(z2, R)
be inner/outer balls for the point x∗. Let H(x) be the half-space containing B1 such
that ∂H(x) contains x∗ and is perpendicular to the segment z1z2.
We will need the following very important proposition in the proof of Theorem 1.2.
Such a proposition has been proved for the stable process in [3, Proposition 3.1].
Proposition 3.1. Let D ⊂ Rd, d ≥ 2, be an open bounded set with R-smooth boundary
∂D. Then for any x ∈ DCR/2 and t > 0 such that t1/α ≤ R/2 we have
(3.5) |rD(t, x, x)− rH(x)(t, x, x)| ≤ ce
2mtt1/α
Rtd/α
((
t1/α
δD(x)
)d+α/2−1
∧ 1
)
.
Proof. Exactly as in [3], let x∗ ∈ ∂D be a unique point such that |x−x∗| = dist(x, ∂D)
and B1 and B2 be balls with radius R such that B1 ⊂ D,B2 ⊂ Rd\(D ∪ ∂D), ∂B1 ∩
∂B2 = x∗. Let us also assume that x∗ = 0 and choose an orthonormal coordinate
system (x1, x2, ..., xd) so that the positive axis 0x1 is in the direction of
−→
0p where p is
the center of the ball B1. Note that x lies on the interval 0p so x = (|x|, 0, 0, ..., 0).
Note also that B1 ⊂ D ⊂ (B2)c and B1 ⊂ H(x) ⊂ (B2)c. For any open sets A1, A2
such that A1 ⊂ A2 we have rA1(t, x, y) ≥ rA2(t, x, y) so
|rD(t, x, x)− rH(x)(t, x, x)| ≤ rB1(t, x, x)− r(B2)c(t, x, x).
So in order to prove the proposition it suffices to show that
rB1(t, x, x)− r(B2)c(t, x, x) ≤
ce2mtt1/α
Rtd/α
((
t1/α
δD(x)
)d+α/2−1
∧ 1
)
,
for any x = (|x|, 0, ..., 0), |x| ∈ (0, R/2]. Such an estimate was proved for the case
m = 0 in [3]. In order to complete the proof it is enough to prove that
rB1(t, x, x)− r(B2)c(t, x, x) ≤ ce2mt
{
r˜B1(t, x, x)− r˜(B2)c(t, x, x)
}
.
10
To show this given the ball B2, we set U = (B2)
c. Now using the generalized
Ikeda-Watanabe formula, Proposition (2.5) and Lemma (2.6) we have
rB1(t, x, x)− rU(t, x, x)
= Ex [t > τB1 , X(τB1) ∈ U\B1; pU(t− τB1 , X(τB1), x)]
=
∫
B1
∫ t
0
pB1(s, x, y)ds
∫
U\B1
v(y − z)pU(t− s, z, x)dzdy
≤ e2mt
∫
B1
∫ t
0
p˜B1(s, x, y)ds
∫
U\B1
v˜(y − z)p˜U (t− s, z, x)dzdy
≤ ce2mtEx
[
t > τ˜B1 , X˜(τ˜B1) ∈ U\B1; p˜U(t− τ˜B1 , X˜(τ˜B1), x)
]
= ce2mt (r˜B1(t, x, x)− r˜U(t, x, x))
≤ ce
2mtt1/α
Rtd/α
((
t1/α
δD(x)
)d+α/2−1
∧ 1
)
.
The last inequality follows by Proposition 3.1 in [3]. 
Now using this proposition we estimate the contribution from D\DR/2 to the inte-
gral of rD(t, x, x) in (3.1).
Claim 2: For t1/α ≤ R/2 we get
(3.6)
∣∣∣∣∣
∫
D\DR/2
rD(t, x, x)dx−
∫
D\DR/2
rH(x)(t, x, x)dx
∣∣∣∣∣ ≤
ce2mt|D|t2/α
R2td/α
.
Proof of Claim 2: By Proposition 3.1 the left hand side of (3.6) is bounded above
by
ce2mtt1/α
Rtd/α
∫ R/2
0
|∂Dq|
((
t1/α
q
)d+α/2−1
∧ 1
)
dq.
By Corollary 2.8, (i), the last quantity is smaller than or equal to
ce2mtt1/α|∂D|
Rtd/α
∫ R/2
0
((
t1/α
q
)d+α/2−1
∧ 1
)
dq.
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The integral in the last quantity is bounded by ct1/α. To see this observe that since
t1/α ≤ R/2 the above integral is equal to
∫ t1/α
0
((
t1/α
q
)d+α/2−1
∧ 1
)
dq +
∫ R/2
t1/α
((
t1/α
q
)d+α/2−1
∧ 1
)
dq
=
∫ t1/α
0
1dq +
∫ R/2
t1/α
(
t1/α
q
)d+α/2−1
dq
≤ ct1/α.
Using this and Corollary (2.8), (ii), we get (3.6).
Recall that H = {(x1, · · · , xd) ∈ Rd : x1 > 0}. For abbreviation let us denote
fH(t, q) = rH(t, (q, 0, · · · , 0), (q, 0, · · · , 0)), t, q > 0.
Of course we have rH(x)(t, x, x) = fH(t, δH(x)). In the next step we will show that
(3.7)
∣∣∣∣∣
∫
D\DR/2
rH(x)(t, x, x)dx− |∂D|
∫ R/2
0
fH(t, q)dq
∣∣∣∣∣ ≤
ce2mt|D|t2/α
R2td/α
.
We have ∫
D\DR/2
rH(x)(t, x, x)dx =
∫ R/2
0
|∂Dq|fH(t, q)dq.
Hence the left hand side of (3.7) is bounded above by
∫ R/2
0
||∂Dq| − |∂D|| fH(t, q)dq.
By Corollary 2.8, (iii), this is smaller than
c|D|
R2
∫ R/2
0
qfH(t, q)dq
≤ c|D|e
2mt
R2
∫ R/2
0
qf˜H(t, q)dq
=
c|D|e2mt
R2
∫ R/2
0
qt−d/αf˜H(1, qt
−1/α)dq
=
c|D|e2mt
R2td/α
∫ R/2t1/α
0
qt2/αf˜H(1, q)dq
≤ c|D|e
2mtt2/α
R2td/α
∫ ∞
0
q
(
q−d−α ∧ 1) dq ≤ c|D|e2mtt2/α
R2td/α
.
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This shows (3.7). Finally, we have∣∣∣∣|∂D|
∫ R/2
0
fH(t, q)dq − |∂D|
∫ ∞
0
fH(t, q)dq
∣∣∣∣
≤ |∂D|
∫ ∞
R/2
fH(t, q)dq
≤ c|D|
R
∫ ∞
R/2
fH(t, q)dq by Corollary 2.8, (ii)
≤ c|D|e
2mt
Rtd/α
∫ ∞
R/2
f˜H(1, qt
−1/α)dq
=
c|D|e2mtt1/α
Rtd/α
∫ ∞
R/2t1/α
f˜H(1, q)dq.
Since R/2t1/α ≥ 1, so for q ≥ R/2t1/α ≥ 1 we have f˜H(1, q) ≤ cq−d−α ≤ cq−2.
Therefore, ∫ ∞
R/2t1/α
f˜H(1, q)dq ≤ c
∫ ∞
R/2t1/α
dq
q2
≤ ct
1/α
R
.
Hence,
(3.8)
∣∣∣∣|∂D|
∫ R/2
0
fH(t, q)dq − |∂D|
∫ ∞
0
fH(t, q)dq
∣∣∣∣ ≤ c|D|e
2mtt2/α
R2td/α
.
Note that the constant C2(t) which appears in the formulation of Theorem 1.4
satisfies C2(t) =
∫∞
0
fH(t, q)dq. Now equations (3.1), (3.2), (3.6), (3.7), (3.8) give
(1.11). 
References
[1] R. Ban˜uelos. Trace asymptotics for stable heat semigroups Schro¨dingier Institute Lecture, Vi-
enna, (2009). http://www.math.purdue.edu/∼banuelos/Lectures/Vienna2009.pdf
[2] R. Ban˜uelos. Heat andWeyl asymptotics for fractional Laplacians. 34th SPA2010 lecture, Osaka,
Japan, 2010. http://www.math.purdue.edu/∼banuelos/Lectures/SPA2010.pdf
[3] R. Ban˜uelos, T. Kulczycki. Trace estimates for stable processes. Probab. Theory and Rel. Fields.
142 (2008), no. 3-4, 313-338.
[4] R. Ban˜uelos, T. Kulczycki and B. Siudeja. On the Trace of symmetric stable processes on
Lipschitz domains, J. Funct. Anal. 257 (2009), no. 10, 33293352.
[5] M. van den Berg. On the asymptotics of the heat equation and bounds on traces associated
with Dirichlet Laplacian. J. Funct. Anal. 71 (1987) 279-293
[6] R.M. Blumenthal, R.K. Getoor, and D.B. Ray. On the distribution of first hits for the symmetric
stable processes. Trans. Amer. Math. Soc. 99 (1961), 540554.
[7] K. Bogdan. The boundary Harnack principle for the fractional Laplacian. Stud. Math. 123,
(1986) 103-122.
13
[8] J. Brossard and R. Carmona. Can one hear the dimension of a fractal? Comm. Math. Phys.
104, (1986) 103-122.
[9] Z-Q. Chen, P. Kim, R. Song. Green function estimates for relativistic stable processes in half-
space-like open sets.Stochastic Process. Appl. 121 (2011), no. 5, 11481172.
[10] E.B. Davies. Heat Kernels and Spectral Theory. Cambridge Univ. Press, Cambridge, (1989).
[11] W. Feller. An Introduction to Probability Theory and its Applications. Vol. II. Wiley, New York
(1971).
[12] N. Ikeda and S. Watanabe. : On some relations between the harmonic measure and the Le´vy
measure for a certain class of Markov processes, J. Math. Kyoto Univ. 2 (1962), 79-95.
[13] M. Ryznar (2002) Estimates of Green function for relativistic α-stable process, Pot. Anal. 17
1-23.
[14] T. Kulczycki, B. Siudeja. Intrinsic Ultracontractivity of the Feynman-Kac semigroup for rela-
tivistic stable processes. Trans. Am. Math. Soc. 358 (2006), 5025-5057.
Rodrigo Ban˜uelos, Department of Mathematics Purdue University 150 North Uni-
versity Street West Lafayete, Indiana 47907-2067
E-mail address : banuelos@math.purdue.edu
URL: http://www.math.purdue.edu/~banuelos
Jebessa Mijena, 221 Parker Hall, Department of Mathematics and Statistics,
Auburn University, Auburn, Al 36849
E-mail address : jbm0018@tigermail.auburn.edu
Erkan Nane, 221 Parker Hall, Department of Mathematics and Statistics, Auburn
University, Auburn, Al 36849
E-mail address : nane@auburn.edu
URL: http://www.auburn.edu/∼ezn0001
14
